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Writhe of center vortices and topological charge: An explicit example
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The manner in which continuum center vortices generate topological charge density is elucidated using an
explicit example. The example vortex world surface contains one lone self-intersection point which contributes
a quantum 1/2 to the topological charge. On the other hand, the surface in question is orientable and thus must
carry global topological charge zero due to general arguments. Therefore, there must be another contribution,
coming from vortex writhe. The latter is known for the lattice analogue of the example vortex considered,
where it is quite intuitive. For the vortex in the continuum, including the limit of an infinitely thin vortex, a
careful analysis is performed and it is shown how the contribution to the topological charge induced by writhe
is distributed over the vortex surface.
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[. INTRODUCTION spans all four dimensions of space-timi the two-
dimensional analogue of Fig. 1, the tangent vectors to the

Chromomagnetic center vortex degrees of freeddijh figure 8 span both dimensions of the plane at the self-
furnish the basis for one of the most attractive paradigms oftersection point, where two branches of the line provide
the strong interaction vacuum, the center vortex picture. Ustwo linear independent tangent vectors. In addition, this is
ing the model assumption that the two-dimensional closedrue for all the corners of the lattice figure 8, since the line
vortex world surfaces can be regarded as random surfaces ¢nds in an abrupt way, resulting in two linearly independent
four-dimensionalEuclidean space-time, the principal phe- tangent vectors from one branchs limits from “before”
nomena characterizing low-energy strong interaction physicand “after” the poinj. Such a behavior is the analogue of
can be successfully described, i.e., confinement, the spont#rithe in the case of four-dimensional thin lattice vortices.
neous breaking of chiral symmetry and the axifi(1) However, at first sight, it does not seem to be present for the
anomaly{2—4]. This picture was inspired and is corroborated continuum figure 8, where the tangent space is of course
by lattice experiment§5—9] in which the vortex content of ong—dimensional everywhere except at the self-intersection
lattice Yang-Mills configurations is extracted and subse-oInt.
quently used to assess the significance of the vortex degrees The purpose of the present paper is to provide a simple,
of freedom for the phenomenology of the strong interactiorPedagogical, explicit example of a continuum vortex con-
vacuum. figuration illustrating how topological charge density arises.

In particu|ar, the g|u0nic topo|ogica| Charge entering theln particular, the contribution from vortex writhe is eluci-
Ua(1) anomaly can be understood in terms of the t0p0|og)dated. It turns out that continuum writhe is spread smoothly
of the vortex world surfacel8,4,10—12. Topological charge over the surface and arises in connection with certain com-
associated with center vortex world surfaces is generated ifinations ofgradients of the tangent vectors
two different ways, self-intersections of the surfaces and The example to be discussed here is formulated within the
writhe. In realistic random surface ensembles, the latter i§ramework ofSU(2) gauge theory. The gluonic fields of this
statistically by far the more importafi8,13]. particular example will, however, point into a fixed color

On the other hand, the intuition gained hitherto from con-direction throughout space-time. Thus, the problem to be
sidering lattice-generated “cubistic” vortex surfadés4,19  treated below is essentially an Abelian one.
can be misleading when trying to understand the more subtle
writhe of continuum vortex surfaces. To understand why,
consider as a simple two-dimensional analogue the con-
tinuum and lattice versions of a “figure 8,” i.e., a closed
self-intersecting line in a plane, as shown in Fig. 1. As will
be discussed below, in four dimensions, lattice topological
charge appears whetiee set of tangent vectors to the vortex

*Email address: bruckmann@lorentz.leidenuniv.nl FIG. 1. Left: Continuum figure 8 in a plarie.g., a lemniscaje
TEmail address: engelm@tphys.physik.uni-tuebingen.de right: coarse-grained lattice figure 8.
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FIG. 4. Continuous, gradual time dependence of a vortex loop
going through the stages depicted in Fig. 3, but without discontinu-
ous changes in the shape of the loop as time evolves.

simultaneously twist the bottom of it in a corkscrew motion
around a vertical axis by the angte while holding the top
fixed (t=—0.9 throught=—0.3). Then let the vortex line
intersect itself, as depicted by the images=at-0.3 through
t=0.3. Afterwards, twist again by the angtesuch that the
shapes at the timets=0.3 throught=0.9 are mirror images
of the shapes seen at the corresponding timescf. Fig. 4.
ro Thus, one arrives again at a simple planar loop which then
_ . closes. Note that in the representation of Fig. 4, and also of
FIG. 2. Example vortex world-surface configuration composedFig_ 5, in the last stage of the time evolution it is the top of
of elementary squares on(Euclidean four-dimensional hypercu- the loop which is corkscrewed back into ttepproximately
bic lattice, taken fronf3]. At each lattice time slicete {—1,0,1}, fixed) bottom part. If one, however, considers treative

shaded squares are part of the vortex S.urfa.ce‘ The.se squares aﬁ]eotion of the bottom with respect to the top, one sees that
furthermore, connected to squares running in the time direction . .
ithe bottom rotates with respect to the top by the anglie

their location can be inferred most easily by keeping in mind tha h di X in the initial h ithe in thi
each edgélattice link) of the configuration is connected to exactly the same directiors In the initial stage. The writhe in this

two squares, ie., the surface is closed. The surface possesses &ffiguration, to be discussed in detail further below, comes
isolated point at which it self-intersects, at the center of the confrom this 27 rotation of the t\NO'endS of the |_00p with re-
figuration, and has no self-intersection lines. Note that the two nonSP€Ct to each other; such a rotation of course is only possible
shaded squares &0 arenot part of the vortex; only the two sets if one concomitantly allows the loop to self-intersect once.
of three links bounding them are. These are slices=4t of surface ~ As Wwill be exhibited explicitly below, these two actions are
segments running in time direction frote —1 through tot=1;  each associated with topological charge contributions of

sliced att=0, these surface segments show up as lines. modulus 1/2, which cancel each other to give global topo-
logical charge zero.
Il. DESCRIPTION OF THE VORTEX WORLD-SURFACE As the second step towards a smooth continuum surface,

all that remains is to smoothen out the corners of the loops
Consider the vortex world-surface depicted in Fig. 2,depicted in Fig. 4, cf. Fig. 5. This completes the construction
which was first introduced if3] and subsequently also stud- of a smooth continuum analogue of the lattice surface
ied in[12]. It is composed of elementary squares ofEa-  shown in Fig. 2. A convenient parametrization of the com-
clidean four-dimensional hypercubic lattice. Due to the
coarse-grained nature of the underlying lattice, changes in

the vortex shape as time evolves can only take place

abruptly, at the times=—1,0,1, cf. Fig. 3. o LA % % > ©
As a first step towards finding a continuum analogue, . cor 103 1c0.6

make the time evolution gradubis depicted in Fig. 4. - h e o

In other words, open a planar loop and then pull and FG, 5. Spatial shape of the loop displayed in Fig. 4 smoothed
out to yield an altogether smooth vortex world surface. A gif movie
of the complete time evolution of the vortex loop can be down-
loaded by visiting the abstract page of Rgf5] and following the
instructions in the Comments section there.

t=-0.9 t=-0.6 t=-0.3 t=0.9

t<-1 -1<t<0 0<t<1 1<t ) ) ) ] o
Note that the discussion of topological chargd 0] is in some
FIG. 3. Viewing the vortex world surface depicted in Fig. 2 in respects too restricted in that it does not encompass the smooth
terms of the time evolution of a vortex line in three-dimensional continuum surface discussed here, which contains a single intersec-
space, there are only four distinct stages of the time evolutiontion point. In[10], it is assumed that intersection points of smooth
during which the vortex shape remains constant. surfaces occur in pairs. The formulation in the published version of
[10] is already sufficiently careful to take into account the lattice
version, Fig. 2, by allowing for other singular points on surfaces
besides intersection points. Singular points are those points where
1A similar, but not identical, smoothing of the time evolution was the tangent vectors to the vortex configuration span all four dimen-
considered if12]. sions of space-time.
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plete world surface is the followinghe source of this pa- ous manner as one moves about the surface. By contrast,

rametrization will be further commented upon bejow lines on the surface at which the orientation flips would cor-
respond to Dirac magnetic monopole singularitj@§]. A
—C0SS; (COSS,+SiNSy)//2 non-orientable surface structure actually forces the presence
. of monopoles in the associated gauge field; however, also
y(S1.5,) = \SinZs, —coss; (Coss,—sins,)/\2 orientable surfaces can carry monopofesluntarily, so to
102 2 —sins; coss, ’ speal, if one chooses not to consistently orient the surface

but instead allows for lines on the surface at which the ori-

entation, i.e. the sign of the vortex field strength, flips.

s e[0,2m], s,e[0,7/2]. (1) The vortex surface parametrized by E@) can also be
arrived at directly in the continuum, completely independent

In fact, Fig. 5 was generated using this parametrization: de°f the above connection to a lattice surface. Namely, it re-
tails on how to extract closed vortex loops in three-Sults when casting a perturbed instanton into the Laplacian

dimensional space from E@l) at fixed timest=y,(s;,S,) center gauge, albeit with monopoles present on the surface
are given in Appendix A. In plotting Fig. 5, the viewing (which in fact is necessary in order to generate the unit to-

angle of the observer at the different times displayed wa®o!0gical charge of the instantpriThis is explained in more

adjusted such as to best match the viewing angle of Fig _etall in Appendlx B.. In the treatmen'F below, on the_other
2—4. The world-surface parametrized by Ef.will serve to and, no flips of orientation of the field strength will be
illustrate how topological charge density arises from writhePr€sent on thetorientablg vortex surface parametrized by

of smooth continuum vortex surfaces, which is the centraFd- (1)- The field strength will thus behave smoothly as one
objective of the present work. moves about the surface. As a result of this simpler behavior

Specifying the space-time location of the vortex world of the gluonic color vector, the configuration will cargjo-

surface does not completely determine a vortex configura@! topological charge zero. In fact, it is quite generally the

tion. It does determine the structure of the moduli of theCas€ that oriented vortex world surfaces are associated with

gluonic field strength tensor components g F2,, for vanishing global topological charg&0]. One way of seeing

v o : ;
eachu,v, which are concentrated on the vortex surface in e{[h's is to recast the global topological charge as an integral

way which will be described more explicitly in the next sec- Z\r/aetriotzflg]o L:Q?Elig]/ jégi;fﬁ&?ozrgi t?:?,g?tlgxun;jfreczgféd
tion; however, it still leaves the color direction of the field . " e ) gaug
a . was given in which this gauge field has support on a three-
strength tensor components; ,, free. Even if one assumes . )
a ; . Ay U volume bounded by the vortex surface, and with no Dirac
F2 to be aligned with the three-direction in color spéce,

Fa—F 6%, then there still remains a freedom in the sign Ofstrmg singularities in the gauge fiels long as the vortex

. ) . . . surface is orientableThus, for orientable compact vortex
F, \f[Vh'Ch C?(;‘ ber'EWEd as a choice of tentationof the surfacesiand correspondingly compact three-volumes span-
vortex world surface. ning then), the gauge field vanishes at the boundary of

. (_)nentauon can be a§5|gned to a surface by _Iopally assos'pace—time and there are no interior boundaries due to the
ciating a sense of curl with the surface elements it is made u

of. The reader is invited to do so with the surface of Fig. Z;Bbsence of Dirac strings; therefore, the global topological

¢ h el ; Ki h ; defi charge vanishes. By contrast, non-oriented vortex surfaces
or each elementary square maxing up the surtace, detine . y,q presence of Dirac strings, thus providing the possi-

]E:url md the s;atnhse of a del?r_lrge orderbICJf trugn;pg arolunfd th?ﬁility of nonvanishing topological charge via contributions
our edges of the square. If it is possible to define curls for all., = interior integration boundaries.

squares such that all pairs of squares sharing an édge
neighbor$ display matching orientation, then the surface is
orientable. l.e., its global structure does not impose frustra- lll. FIELD STRENGTH AND TOPOLOGICAL CHARGE

tions on the attempt to align all neighboring surface ele- Chromomagnetic center vortices carry a field strength

?rsigtiér?rbg]voetrri]f?é dV\:‘grrd';\,etZErgct:in;ﬁto(wr?ri]rt] tgie s;r;c;.it iSconcentrated on the vortex, where the nonvanishing field
. ; 9. < strength tensor component is the one associated with the two
equally true for theétopologically equivalentsurface param-

. space-time directions locally perpendicular to the vortex sur-
etrized by Eq(L). face. Given a surface parametrizatig(s) =y(s;,S,) such
In terms of the associated vortex field strength, which will | 102

be constructed explicitly in the next section, orienting theas(l)’ a corresponding field strength can be constructed ex-

surface implies that the field strength behaves in a continupIICItIy as

sins; sins,

7TO'3

FVx=—eVKJd252stx— S 2
3Since at generic points on a vortex surface, there is only one " (x) 2 e ASTx=y(9)] @)

nonvanishing field strength tensor compongtetails follow latey,
this can usually be achieved via a gauge transformation, which willyith d2s= ds,ds, and the(oriented surface element
be assumed to have been done within the present treatment. The
field strength associated with the vortex world surfdig con-

structed explicitly further below will indeed be of the form S a(s)=¢ b%%
Fa:F533- K a &Sa (’)‘Sb

©)
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wheree,, represents the usual two-dimensional antisymmetthe SU(2) gauge groupl0], i.e., a Wilson loop circumscrib-
ric symbol with e;,=1. Due to the combination of the two ing the vortex yields the phasel. This is demonstrated in
tangent vectors to the surfaesy/ds; anddy/ds, in Eq.(3),  Appendix D.

with the € symbol in (2), the nonvanishing field strength The topological charg® and the corresponding topologi-
tensor component is thus indeed the one associated with ttoal charge densitg(x) are defined as

two space-time directions locally perpendicular to the vortex
surface. For instance, a surface locally running in the 1-2
directions carrie€ 1, and thereford=5,. On the other hand,

o denotes the third Pauli matrix, encoding the color struc-
ture of the vortex. Note thus that the field strength to be used
here points into a constant direction in color spaEé,

=F 63, rendering the present problem essentially Abefian.
Finally, the profile function fin (2) provides the freedom to
vary the transverse structure of the vortex field strength
since it controls the value of the field strength at finite dis-
tances|x—y(s)| from the surface parametrized lyys). To
preserve the total flux carried by the vortex wHes varied,

f must be normalized,

1
3272

Q J d*Xe€,,TrF, F o= f d*xq(x). (8

In view of this expression, topological charge density is gen-
erated at those points in space-time where there are nonvan-
ishing field strength tensor componefis,, F,, such that
the indices{u,v,x,\} span all four space-time directions.
Translating thignaively) into the properties ofthin) vortex
surfaces, in view of the discussion so far, the same must hold
for the surface elements ,,, X, of the vortex. In other
words (in analogy to the two-dimensional toy model of the
Introduction, topological charge is ostensibly generated at
f d*zf(z)=1. (4)  those points in space-time where the set of tangent vectors to
a thin vortex surface configuration spans all space-time di-
rections[3].

To be definite, below dfour-dimensional Gaussian profile ; . e
This way of stating the characteristics of a vortex surface

function . . . X
necessary for generating topological charge is quite adequate
1 - in some circumstances. For example, as will bg seen in the
f(2)=— Ze*Z /a (5) example discussed below, for lattice surfaces it is entirely
a'm sufficient, and technically convenient, to consider idealized,

infinitely thin surfaces for the purpose of evaluating the to-
' o pological chargé,and to look for the points where the set of
the vortex; in the limita—0, Eq. (5) reduces to a four-  ihqent vectors spans all four space-time directions. Further-
dimensional delta function, more, even when considering general continuum vortex sur-
lim f(2)=56%2). 6) faces,intgrse_ction poi_ntsare adequately described b_y th_is
characterization. For instance, a surface locally running into
the 1-2 directions carrieSs,; a surface locally running into
This corresponds to the limit of an infinitely thin vortex. For the 3-4 directions carries,,. If the two happen to intersect
the moment, the vortices will in fact be taken to be infinitely at a point, the produdt,,F 34 is nonvanishing and topologi-
thin, even though realistic, physically relevant vortices arecal charge is generated. Such intersection points will be
not infinitely thin, but thick in the sense that the field present for lattice surfaces as well as thin and thick vortices
strength is smeared out to the vicinity of every poj(s). in the continuumwhere the surfaces need not cross perpen-
Further below, a thickening of the vortices will indeed play adicularly). They always contribute-1/2 to the topological
crucial role in resolving the subtleties involved in evaluatingcharge(even when the crossing is not perpendicutbd]),
the topological charge density arising from writhe of a thinwhere the sign just depends on the relative orientation of the

will be used, with the variabla controlling the thickness of

a—0

vortex world surface. surfaces.

Two more remarks about the field streng®h are in order On the other hand, one must not be too naive in applying
before proceeding. For one, a proper field strength must sathe above characterization, in the case of general continuum
isfy continuity of flux, i.e., the Bianchi identity, surfaces, to other contributions to the topological charge,

which will be subsumed under the ternwrithing
€pruvd:F =0 (7)  contributions® The corresponding topological charge density

) _ _ is rather hidden in the singular nature of the field strength
where it has already been used that the problem is essentially

an Abelian one. The field strengtR) satisfies(7), for any

profile functionf, as sketched in Appendix C. Secondly, the sygte also that the global topological charge can be recast as an

normalization of(2) has been adequately chosen such thajnegral over the boundary of the space-time manifold under con-

the vortex indeed carries flux corresponding to the center ofjgeration[14]; therefore, it should be independent of any specific
assumptions about the vortex transverse profile, which, after all,
merely corresponds to a local deformation of the gauge field in the

4In particular, also the gauge field generating the vortex fieldvicinity of the vortex.
strength(2) can be constructed to point into the three-direction in SWrithe is a property of loops in three dimensions which enters
color spacd10]. the topological charge in €-1)-dimensional picturg10].
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FIG. 6. Detailed view of the intersection point in Fig. 2. FIG. 7. Topological charge contributions from vortex self-

) ) ) ) ) intersection and writhe present in the world surface depicted in Fig.
associated with a thin continuum vortex surface, as will be2. To fully determine the signs of the contributions, the relative

discussed in detail further below. As a result, it is easilyorientations of the elementary squares making up the surface must
missed if one naively just looks for those points in the sur-be fixed; this was donéstarting from an initial square of arbitrary
face configuration where the set of tangent vectors spans allientation in such a way as to completely orient the surface, i.e.,
four space-time directions. It is the main objective of thisthere are no edges shared by two squares at which the orientation
work to elucidate the writhing contributions using the ex- flips.

ample surfaces which were introduced in Sec. Il.

vanishing global topological chardg&0].
A. Lattice surface Note thus that, on the lattice, writhe is concentrated at
Spoints on the vortex surface. For smooth continuum surfaces,
: : e topological charge density associated with writhe will be
where the tangent vectors to the surface configuration Spats';qpread out smoothly on the surfaces corresponding to the

all four space-time directions is sufficient to capture all con- . . AR
tributions to the topological charge in the case of lattice surinore gradual way in which they twist; this will become clear

faces made up of elementary squares. In this case, the top'cg'— the subsequent sections,
logical charge density is concentrated at lattice sites; each _
instance of two squares sharing a lattice site and their com- B. Continuum surface
bined tangent vectors spanning all four space-time directions Having discussed the topological charge of the coarse-
contributes a “quantum”+1/32 to the topological charge grained lattice surface displayed in Fig. 2, one may ask how
[3]. As before, the sign depends on the relative orientation ofhis treatment translates to the continuum analogue param-
the squares. etrized by Eq(1). If one again starts from the statement that
Considering the lattice configuration of Fig. 2, one noticestopological charge is generated where the tangent vectors to
a self-intersection point at the center of the configurationthe surface span all four space-time directions, the contribu-
with Q=1/2. This contribution results from four elementary tion from the intersection point is as evident as before. How-
squares connected to the intersection point extending into thever, one may bémis-) led to conclude that there are no
1-2 directions and four elementary squares connected to thearther contributions; after all, in the case of a smooth con-
intersection point extending into the 3-4 directions, cf. thetinuum surface, away from self-intersection points, there is
detailed view displayed in Fig. 6. This indeed amounts to 1@lways a well-defined unique two-dimensional tangent plane
pairs of perpendicular squares, i.©.=16/32=1/2. at each point. Nowhere do the tangent vectors span all four
The complete set of topological charge contributions asspace-time directions. Where is the contribution from vortex
sociated with the surface depicted in Fig. 2 is shown in Figwrithe?
7. Thus, apart from the intersection point at the center of the Clearly, it would be too naive to declare it absent; for one,
configuration, there are four writhing contributions concen-the smooth configuration shown in Fig. 5 is topologically
trated at other lattice sites. At those sites, the vortex surfacequivalent to the lattice version depicted in Fig. 2. Also on
bends in such a way that it generates the perpendiculayeneral grounds, an orientable surface such as the one of Fig.
squares needed for a topological charge contribution withirb must have global topological charge z¢i®]; therefore,
one single branch of the surface. A closer look reveals thatheremustbe writhing contributions canceling the contribu-
there are four pairs of perpendicular squares at each sucion from the self-intersection point which is certainly there.
point, i.e., topological charge contributio@=4X(—1/32)  The point is that the writhing contributions are rather hidden
= —1/8. Together, these writhing contributions exactly can-
cel the one from the intersection point, such tl&f;pa
=1/2—4/8=0. This is in agreement with the general state- "The authors acknowledge R. Bertle for insisting this question be
ment that oriented vortex world-surfaces are associated withnswered, thus sparking the present investigation.

As already mentioned above, finding the set of point
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in the singular structure of the field strength corresponding to
an infinitely thin vortex surface, which has been implicitly f d*xf[x—y(s)1f[x—y(s")]
assumed in the above discussion.

To properly extract the writhing contributions, one must 1 1
view the infinitely thin vortex surfaces as an idealized limit- =5 28X~ —2(5(3/(3))2
ing case of general thick vorticém fact, physically relevant 4m°a a
vortices have a finite thicknessWhen the vortex field 1
strength is smeared out transversally, there will of course in + _(y(s'))Z_y(s)y(s'))l
general be a certain overlap between field strengths originat- 2
ing from the smearing of neighboring points on the original

thin surface. This leads to a nonvanishing topological density 1 ;{ 1/1

: 1.,
> Esm232+ Ests2

€000 F uoF o €ven if the underlying thin surface is smooth, = 5 4
as long as it curves suitably, i.e. writhes, in the space-time

a

region under consideration. If one now makes the vortices

thinner, then the overlap regions shrink, but at the same time, — \/sin 2s,sin 2s; cOg 'S, — S,)COSS; — SD) 1

the modulus of the field strength increases such that in the

thin limit, a finite topological density remains on the thin (12)

vortex surface. This in fact must happen such that the global

topological charge is entirely independent of the vortexwhere the parametrizatiofl) has been put in. Inspecting
thickness, including the infinitely thin limit—after all, an to- Egs.(11) and(12), one notices that the topological charge is
pological quantity should be independent of local deformanow an integral oves,s’ in which the integrand depends
tions such as a thickening of the vortex. The main purpose oémy on the differences;—s;, and not on the individual
the present treatment lies in demonstrating all this explicitlyzngles. Therefore, by substituting=s,—s; and q=s;
using the specific example vortex world surface introduced, s/, with the Jacobianpdg=2ds,ds] , one can carry out

in Eqg. (1). First, thick vortices will be treated, in which the one of the integrations via the general identity

width of the profile functions, cf. Eq. (5), can still be var-

ied. Then, the thin limia— 0 will be considered. 2 27 1 (2= 47—|p|
fo dslfo ds;g(s;—s;)= Ef ,, P | - da

1. Thick vortex

Inserting the field strengtt®) into the topological charge —2[27

density(8), one obtains . dpg(p)(2m—p), (13

1 where in the last equality, thgintegration interval has been
— 2 2o’ ’ '
q(x)= 16[ d Sf %S’ €prpy2 prl(S) 2y (S") halved using the fact that in the case considered lui)
=g(|p|). Combining Egs(11), (12) and(13), the topologi-
XFx=y(s)If[x=y(s")] (9 cal charge reduces to
after having taken the color trace, &{c°)=2, and having 1 w2 w2 27 _ _ _
simplified the Lorentz structure with the help of Q= mfo dszfo dséfo dp[sin 2s,sin 2s,sirfp
a
€pvin €uvpr€inpy= 2( OOy 5w5xp)f:<xﬁy:4fprﬁy(-1o) —sin 3(s,—sy)sin(s,—s5) (27— p)
. . . . 1 1 . 1 B 12
Appendix E contains the tedious, but straightforward, alge- Xexpg —— >sin 2s,+ > sin 2s,
bra involved in inserting the specific parametrizati@hinto

the surface elements and subsequently redu@n¢p
. (14

L — \/sin 2s,sin 25, cos(sz—sé)cos(p))
Q(X)=Zf dzsf d?s’ f{x—y(s)f[x—y(s")]

This integral is easily evaluated numerically for diveese

X[ sin 2s,sin 2s}sir?(s; —s;) and always vanishes, independent of the choice, afs was
_ . to be expected from the discussion of the lattice version of
—sin 3(s,—S,)siN(S;—S5) ] (1) the vortex surface in the previous section. Therefore, the in-

tegral must include writhing contributions which serve to
To proceed from this simple form for the topological density,cancel the contribution of the self-intersection point at the
explicit profile functionsf must be inserted. Using E5), center of the surface configuration.
one needs to evaluate the convolution of the Gaussian profile In order to exhibit the writhe in more detall, it is useful to
functions in order to obtain the topological charge evaluate the topological charge densifx) numerically for
Jd*xq(x), a thick vortex profile and visualize the result. For this pur-
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e T e =

FIG. 8. Time slices of the topological charge density induced by FIG. 10. As Fig. 8, at the timets=0.6 (left) andt=0.9 (right).

the vortex field strengtli2) with the vortex world-surface param-

etrization(1) and a vortex thickness @f=1/5, cf. (5). At the times  configuration; this is the contribution from the smeared-out
t=—0.9(left) andt=— 0.6 (right), all points in space are plotted at intersection point. Furthermore, there are peripheral kidney-
which the modulus of the topological charge den§itfx)| exceeds shaped lumps withg(x)<—1. Also the lumps seen at
unity. At the_ two times display(_ad, thesg are actu_al_ly all points _with: —0.9,-0.6,0.6,0.9 are associated wijfx)<—1. These
q(x)<—1; in the companion figure, Fig. 9, depicting further time ¢ 5| the topological charge contributions induced by vortex
slices, points withg(x)>1 will also be seen. To guide the eye, also writhe; they are evidently spread out smoothly over much of

the corresponding time slices of the thin vortex world-surface pa-

rametrization are plotted, identical to the plots in Fig. 5 at the cor-_the vortex world surfacéand its surroundings correspond-

responding times. Thus, the viewing angle of the observer matchd§9 10 the Smoo'_[h, gradual way in ‘_NhiCh the surfacg Writh_es.
the one adopted in Fig. 5. Careful evaluation of the topological charge density using

thickened vortices thus allows one to recover all contribu-
pose, it is useful to rewrite Eq11). Working with Eq.(11), tions to the topological charge, consistent with the lattice
one would need to evaluate a four-dimensional integral foanalysis and general arguments. Smoothness of a vortex sur-
each space-time point however, the task can be greatly face does not preclude writhing contributions, as may have
simplified by decomposing the square brackets in @4) been thought from naively considering infinitely thin sur-
using faces from the start, cf. the discussion at the beginning of
Sec. Il B. Below, it will be shown that the writhing contri-
butions persist for infinitely thin vortex surfaces, by explic-

1
in?(s;—s;) = = (1—cos ,c0s 2] —sin 2s,sin 2s; ) : o I~ )
SIT(S1781) = 5 (1~ €08 5,C08 25 —5in 25,5in 25y) itly taking the limit of a vanishing thickness,— 0.

2

sin 3(s,—s5)siN(s,—Sy) 2. Thin vortex

= (sin 3s,C0S 35} — COS F5,5in 35) Inspecting the expressioii§) or (11) for the topological
charge density, taking the thin vortex limit implies that con-
X (SiNs,C0SS;— C0SS,SINsy). (15  tributions toq(x) can only come from points in the,s’

o ) ) integrals wherey(s)=y(s'’), since the profile functions be-
By multiplying out all the terms which thus result in the come s distributions in this limit. In the case of the surface
square brackets and letting the integrations act on them SePBarametrizatior(1), the conditiony(s)=y(s') can be real-
rately, the topological charge density reduces to a sum OVELad in two ways; eithes=s', corresponding to writhing

terms in which the four-dimensional integrals factorize into o / :
pairs of two-dimensional integrals over the unprimed and thé:ontnbunons, or £2,57) < {(0,7/2), (/2,0)} corresponding

primed variables, respectively. to the intersection point at=0 (note thats,=s; e{0,7/2}
Using this numerically convenient form, the topological IS alréady included in the former cas&hus, in the space of
charge density was evaluated for a grid of points in space Qgramgters,s’, the self-|nt§rsect|on contribution is conve-
selected times=x,, where, to be definite, the valua niently isolated from the writhes=s’, and the correspond-
=1/5 was used in the profile functiofiscf. Eq.(5). In order  ing regions in the integral ovex;s’ can be treated separately.
to visualize the result, all points in space were plotted at Consider first the self-intersection point. In this case, as
which the modulus of the topological charge density exceedalready mentioned further above, one can work directly with
a certain value, nameljq(x)|>1, for each timet. The re-  thin vortices from the start, i.e., one can straightforwardly
sults are displayed in Figs. 8—10. substitutef (z) = 5%(2) in Eq. (11),
At the timest=-0.3,0,0.3, one finds a round lump of
topological charge density(x)>1 near the center of the

1
a7 | o | &' sx-y(9)1Ty(s)-y(s)]
X[ sin 2s,sin 2s,sir?(s;—s;)

—sin3(s;—S;)siN(S2—S3) ] (16)

FIG. 9. As Fig. 8, at the times= —0.3 (left), t=0 (centej and ] )
t=0.3 (right). At these times, both points with(x)>1 (at the ~Wherex has also been substituted bys) in the seconds
center of the configuration, induced by the vortex self-intersegtion function in view of the presence of the first one. Now, con-
and points withq(x)<—1 (kidney-shaped lumps at the periphery sider in particular the integration region Wha@ is in the
of the configuration, induced by vortex writhare present. vicinity of 0 ands; is in the vicinity of #/2. In this limit, the
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square brackets in EqL6) reduce to unity; furthermore, sub- thin vortices. To see this, consider again ELf). In the case

stituting s,= p2/2 ands,=(7—p'2)/2, one has s=s’, the term in the square brackets vanishes, correspond-
ing to the fact that the tangent space at any point of a smooth
—cossll\/i surface is two-dimensiorﬁsll(away from self-intersection
—cossll\/i points. On the other hand, whes=s’, the argument of the
y(sy,p%12)=p ) secondé function, 8*[y(s)—y(s')], vanishes on a whole
—sSins; two-dimensional sub-manifold of space-time. Two out of the
0 four dimensions in thiss function suffice to enforce=s’,
while the remaining two stay a8°(0). This is precisely the
—coss}/\2 situation discussed in the initial remarks of Sec. Il B; the
) product of these two factors is ambiguous, and one has to
s (7= p' D)D)= p' cossy/\2 17 work to higher order in the thickness of the vortex in order to
YSn.{m=p p 0 obtain a well-defined limit and thus properly extract the

writhing contributions. Starting again from E(.1), one can

sins; write, in the limita—0,
respectively, to leading order in,p’, wheres,,s; €[0,27] 1
as before. Thereforé16) reduces to q(x)= Zf d2354[X—Y(S)]f d?s"f[y(s)—y(s')]
1 , e e
a00=7 | dsidsidody’ pp 5Tx-y(51.572)] X [sin 25;sin 25;sirf(s,~s7)
—sin 3(s,—s;)sin(s,—s3)]. (21

X 8] —(p coss;— p'coss;)/ 2]

Note thus thatf[x—y(s)] in (11) has already been substi-
X 5[~ (p cossy +p’ coss;)/2] tuted by its thin limit, 5[ x—y(s)]; this will be justifieda
posterioriby the integral oves’ in Eq. (21) yielding a well-
defined result. Correspondingly, in the remaining profile
functionf in (21), x has again been substituted yfs) due to
the presence 06*(x—y(s)). Now, since the writhing con-
tributions originate from the region arouses', it is useful
to substitute

X 8(—psins;) 8(—p'sinsy) (18

where the integrations over th@ositive variables p,p’
cover the vicinity ofp,p’=0. Going to Cartesian coordi-
nates,w;=p coss;, W,=p sins;, and correspondingly for
the primed variables, one ends up with

1 S,=Satr, (22
g(x)= —f dw,dw,dw;dws; . N . _

4 and to expand in the small quantities; the profile function
f will restrict the newr ,-integrations to smalt, when the

X S x—y(S1 (W1, W5),S5(Wy,W . .
[x=y(Sa(w,W2), Sp(Wy W) vortex thicknes& becomes small. To second order in the

X O] — (Wy— W) /2] 8] — (Wy+w)) /2] the square bracket in ER1) reads
1 . . : . .
Xg(_wz)g(_wé)zzg“(x)_ (19 sin 2s,8in 2(s, + I 5) Sirer, — sin 3r,sinr,
=r2sirP2s,—3r5+0(r°). (23

Supplementing this with the integration region in Ed6)
where the roles of ands’ are interchanged, i.e., the former Furthermore, the profile functiorf depends on[y(s)
is in the vicinity of /2 and the latter in the vicinity of 0, one —y(s’)]?, which to this order reads

obtains the same contribution again; thus, the topological

charge density associated with the vortex self-intersection a2 [9Y(S) 2 3
point altogether is [y(s)—y(s")] —( 75, +0(r?)
(x)= 3 5%0) (20 26in2s,+ 2 1o4Y) (24
int(X)= 5 8%(x). =r{sin2s,+ — +O(r
qln'[ 2 1 2 sin 252

Correspondingly, by integrating over space-time, one obtainas can be verified straightforwardly by computing the scalar
a contributionQ;,;=1/2 to the global topological charge products of the gradient vectowsy/(s)/ds,, cf. Egs.(E3),
from the vortex self-intersection point. Note that, in the casgE4). As a consequence, the topological charge density re-
of the intersection point, it was possible to work with thin duces to

vortices from the start and the application of the formalism

was straightforward, yielding the correct result. In the case of ——

the writhing contributions, on the other hand, this is not the 8Note that, also in the general expressi@, the combination
case; the formalism becomes ambiguous if one naively uses, ;.3 ,.(s)2z,(s') is easily seen to vanish whesrs'.
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1 1 ay, dy P23, 95,93
X)=— | d?sé*[x—y(s f dr,dr ab— K K pab— By _ kY ZTRY
a0o 4f [x=y( )]a4772 e 9 S5 9Sp h 2’”asaasb dSq ISy |
xexd - —| r2si 2s,+ _r§ 3 1
ex a2 riSin s, sin 252 ZMVE E E/.LVK)\E K\ (29)
24 2
><(rls|n2252—3r2). (29) respectively. To obtain the second expressionhftf; it has

In the limit a—0, the Gaussian strongly suppresses the in_been used that terms of the for),;.(7y,/dSa) (7Y,

) ) ; . asy) (Y. 19s;) vanish for all\,a,b,c since the derivatives
tegrand for increasing, 'z, so that the mtegraﬂqn ranges Qf contain eithers; or s, twice, rendering the expression sym-
r1,r2 can be extended over the whole real axis without in-, oyic i the corresponding greek indices. The same argu-
curring an error(except possmly ik poundary values ment is used again to arrive 1) below. As before, only
s;=0 ands,= /2, at which the integral will be defined by o 1orms written out explicitly in(28) are relevant and
continuity and will presently be seen to vanistrurther-

. . . luate t
more, the higher order terms in tihg which have been ne- evaluate o
glected above only lead to corrections which vanishaas 1 s 1
—0. Evaluating the Gaussian integrals in Eg5), one ar- X :J d2s84Tx—v(s)1| — ——pab — 1 (30
P a(x) Dey(9)]| ~ oz 7m0

1 _ ab . . . .
‘ _ 2 _ el where g=detg®". This is the generalization of E(26),
Guritne(X) f ds5'lx y(s)]( 47" 232)' 26 where, using the parametrizati¢t), g° andh®” happen to

be diagonal andj=1. By virtue of the inverse metrig,,
Thus, the topological charge density originating from vortexone finally arrives af10]

writhe persists in the thin limit; it is concentrated on the

vortex surface and, in view df/(s))?=sin 2,, grows as the 1

square of the distance from the origin, consistent with they(x)= _f dzsb‘“[x—y(s)](
visualization for thick vortices exhibited in Figs. 8—10. The 32m

authors checked that the same result is obtained using a

(properly normalized Lorentzian for the profile functiof. 1 P
Furthermore, by integrating26) over space-time, one ob- =—f d2s\/g6* [ x—y(S)10ap——
tains a writhing contribution to the global topological charge 32m ISa

1 9%,,03,
\/agab 39S, JSp

S 0 S

Jg 9% g’

(31)

1 (2= /2 1
Qwrithe:_Efo dslfo ds,sin 232:_51 27 the latter being more natural from the reparametrization
point of view (whered?s\/g and3/\Jg=e€,,/\g . . . are the
which exactly cancels the contribution from the self- Proper objects The space-time integral over this expression
intersection poink;,,, as expected. is known as a representation _@ﬁlnus the self?mtersectlon
As a last point, it will be sketched how the above compu-"umber, which is thus given in terms of an integral over a
tation of the writhing contribution can be generalized beyondMooth density16]. In the context of the present work, this
the specific example considered here, i.e., starting from thiglentification corresponds to the observation that the
general expressiof®) instead of(11) and taking the limits “smooth” writhing contribution to the topological charge

s’ s, a—0 in analogy to Eqs(21)—(26). The general form  cancels the “discrete” one from the self-intersection point.
analo;]ous to Eq25) reads The validity of Eq.(31) has been corroborated in the present

paper by considering the thick vortex explicitly.
1 There exists another intuitive formula for the self-
; j d2r[0+O(r)+habrarb intersection number in terms of normal gauge figits, 18,
16am which is related to the fact thal is normal to the vortex
) 2
+0O(r3)lexn — a?®r.r. /a2 28 surface: Take two orthonormal normal vectars and n?,
(") Jexp(—g™rary/a’) 28 and define arSO(2) gauge fieldA=n;dn’ and its field

where the leading term is always absent due to the geomet@;rengtthdA. Then the self-intersection number is given
of the expression for the topological charge density, i.e., th&Yy JF/4m.

mm=fd%#u—w&]

2

combination e,,5,%,.(8)24,(8), cf. Eq. (9), vanishes As is best seen from the appearancehofds a3 in the
identically® Here, the induced metric and a bilinear in gra- equations above, the writhe is distributed according to the
dients of the surface elements have been introduced, gradients of the tangent space and of the normal space, re-

spectively. The vortex example discussed in this work is pla-

nar at the self-intersection point such that the writhing con-

Note that the analogous term in the Yang-Mills action diverges adribution vanishes there, but this will not be the case for
1/a?, cf.[10,15. arbitrary vortex surfaces.
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IV. CONCLUDING REMARKS tary squares meeting at the lattice sites, cf. §8oA viable

. e . .. .and efficient procedure of determining the global topological
Using a specific simple example, it has been shown in thigrge of a general continuum surface indeed would lie in

work how topological charge arises through vortex writhe injatticizing it, i.e. finding a topologically equivalent lattice
the space-time continuum. The topological charge densitgurface on a suitably fine lattice, and evaluating its global
was visualized for a thickened vortex and it was verified thatopological charge instedd.Note that this stands in marked
the global topological charge is independent of the vortexcontrast to the usual statement made for lattice Yang-Mills
thickness. Topological charge through writhe persists in theonfigurations; on the standard Yang-Mills lattice, carrying

limit of arbitrarily thin vortex world surfaces, even though it Yang-Mills link variables, topological charge is much harder
is rather hidden in the singular nature of the vortex fieldt0 define and detect than in the continuum, and indeed be-

strength in this limit. Smoothness of a vortex surface doe%Omes an ambiguous quantity for generic Yang-Mills con-

not preclude these writhing contributions, which were demdigurations. By contrast, on a lattice carrying vortex fluxes

onstrated to be proportional to a particular combination oTSUCh as used here, which is dual to the standard Yang-Mills
. prop A P lattice, topological charge actually is easier to evaluate than
gradients of the surface elemefs,e., of the tangent space.

. * in the continuum.

In the example discussed here, the appearance of writhe Finally, note that a standard way of capturing the topology
and the existence of the self-intersection point are interof lines in three-dimensional space lies in defining a framing.
twined; a closed vortex surface not extending to infinity hasAs discussed, e.g. ifiL0], one constructs a second line dis-
to bend and “come back” in order to display a lone self- placed from the original one by a small distance; the two
intersection point. This need not be the case when space-tinies define the edges of a ribbon which may twist and
possesses compact directions; the vortex surface can then Weéithe, with the two lines correspondingly entangled. With
closed due to periodicity. Therefore, on the four-torus, onéh€ help of such a framing, one can define three-

can have gthin) vortex consisting of two branches =x, dimensionakrithing number; the topological charge associ-
—0 andxs=x,=0 which intersect at a point but otherwise ated with the whole world surface of a vortex line can then
= 3= Xy=

are completelv planar. Then the contributions to the tonolo i_be related to the difference between the three-dimensional
pietely p : ) polog writhing numbers at the initial and final times bounding the
cal charge ar®;,;=1/2 andQ,itne=0. This does not con-

; L . space-time region under consideratid®]. It would be in-
tradict general statements on the quantization of tOpol()g'caﬁs-resting to reformulate this directly in four-dimensional

charge; half-integer topological charges exist on the torugpace-time, since the procedure of defining a framing fits
when accompanied by twisted boundary condititi®n the  jnto the formalism used in the present work; it corresponds
four-torus a single self-intersection point can thus occukg one particular way of choosing the profile functién
without writhe. Conversely, writhe can obviously exist with- Namely, the original infinitely thin vortex line at a given time
out a self-intersection point, a simple example being the timgs “smeared” into a ribbon, i.e. thé-function profile is re-
evolution of Fig. 5 fromt=—0.9 tot=0— followed by the  placed by a profile with support on a short line in four-
time reversed processe., the loop is unscrewed back in the dimensional space.
direction it came from instead of being twisted further as in  The authors did not further explore this option, since the
Fig. 5. Globally, this leads t®,,i;,e=0. An example of a smoother profile functions used in the present treatment al-
(non-orientablg surface with writhing contributiorQ,ithe ready permitted an entirely satisfactory definition of the to-
=1/2 and no intersection point is depicted[#l. A smooth  Pological density associated with writhirig four dimen-
continuum analogue of this surfa¢as well as the precise Sions summarized in the closed expressi@a) for arbitrary
relation to twisted boundary conditionas not been given Smooth surfaces. For the purposes of the present investiga-
so far. tion, smooth profile functions, leading toa finite gluonic f|g|d
Two additional points became apparent in the course oft'€ngth, were not only more appropriate from a technical

this investigation which deserve mention. For one, comparPCint of view, but also more natural from a physics point of
ing Secs. Il A and Ill B, it is considerably simpler to evalu- view; realistic physical vortices indeed possess thick, spread-

ate the topological charge of a surface made up of eIemenQUI transverse profiles.

tary squares on a hypercubic lattice than to evaluate it for a ACKNOWLEDGMENT

general continuum surface, in which writhe is rather hidden, o

as already remarked further above. On the lattice, topological M-E. acknowledges the hospitality of P. van Baal and the
charge is concentrated at lattice sites as opposed to bei,{@stltuut-Lorentz at Leiden University, where this work was

smeared out over the surface; as a consequence, it is simpty——

accessible by counting pairs of mutually orthogonal elemen- 12\gte, however, that, as far as the local topological density is
concerned, théabsolute values pflocal contributions to the topo-
logical charge on rectangular lattices are bounded from below by
1ONote that the mere existence of such gradients does not sufficéhe “quantum” 1/16 (not 1/32, because at the sites ofclsed
for instance, the 2-sphere embeddedRh possesses gradients of lattice surface, there cannot bsiaglepair of mutually perpendicu-
the surface elements, but the writhe vanishes. lar elementary squargsTherefore, to approximate continuum
Yindeed, the gauge fields corresponding to this configurationwrithing contributions to the topologicalensityto any precision,
A=70(X5) 8(x) 0%, Az=mO(x,)8(x3)0°, A,=A,=0 obey one has to use non-rectangular polygonal surfaces, which in the
transition functions similar to the charge 1/2 instanton solutions ofsimplest case just corresponds to a triangulation of the continuum
constant field strengtfil9,2Q. surface.
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initiated. R. Bertle and M. Faber are acknowledged for 2t?<sin 2s,(c0SS,+ Sins,)2=sin 2s,(1+sin 2s,).
stimulating discussions which yielded the questions which (A5)
the present work aims to answer, as well as for providing the

MATHEMATICA routine with which Figs. 2 and 7 were gener- The condition thus reduces to a quadratic equation for

ated. F.B. thanks Ph. de Forcrand, M. Pepe, A. Wipf and, insjn 25, picking out the relevant solution by taking into ac-
particular, O. Jahn for discussions on the non-Abelian Veryqnt the requiremernisin 25,|<1, Eq.(A5) is solved by
sion of the vortex discussed here. Finally, the authors are also

grateful to sciencecomputing ag, Thingen, for providing

computational resources. sin 2522%(~/1+8t2—1). (AB)
APPENDIX A: VORTEX LOOP AT FIXED TIME h
us,
In order to cast the parametrizatiéb),
1 1
hl i [ 2_
—Coss; (C0SS,+5sins,)/\2 S| yarcsing (V1+8t°—1),
_ —Coss; (C0SS,—Sins,)/\2 — 1
S1,Sp) =VSIiN2s . Z_Z i 2_
y(s1,52) = 2 —sins, coss, >~ parcsing (J1+8t*~1) (A7)
sins; sins,
at the timet.

in terms of the time evolution of a closed loop in three-
dimensional space, as plotted in Fig. 5 for selected titnes

one eliminates the parametey in favor of the time APPENDIX B: CONTINUUM VORTEX FROM LAPLACIAN

CENTER GAUGE INSTANTON

t=yi(s1.S,) Abelian [21] and center{5] gauges are used to define
= JSin2s, coss, (Coss,+ sins,)\2 e[~ 1,1] magnetic monopoles and center vortices as defects of gauge
= 2 1 2 2 ,

fixings. In the particular cases of the Laplacian Abelian
(Al)  gauge[22] and the Laplacian center gaufié], monopoles
and vortices are defined, respectively, to be the nodes of the

le., ground state of the covariant LaplaciarD?[A] (in the ad-
joint representationand the set of points where the two
V2t lowest-lying eigenvectors of this operator are parallel. The
COSS =~ JSin 25,(C0SS, + Sins,) (A2) " ground states of —D?[A] in the background of a single
2 2 2 instanton(in regular gaugehas been founf23] to be three-
sins; = + \/1——(303?1 (A3) :;Jgridxf;‘generate and of the form {Hdenoting the X 2 unit

where both signs are relevant; the plus sign yields the solu-  t )

tion found in the intervab, e [0,77], whereas the minus sign $a=179'0a0, 9=(Xglp+iXa09)/r (BY)

yields the solution found in the interval e[ m,27]. Both

solutions must be taken into account in order to reproduc@ear the four-dimensional origin. There, both the monopole

the parametrizatior(1l) in the entire intervals, €[0,27]. and the vortex are located, degenerate to a pointlike defect.

Thus, one obtains the alternative parametrization In [24], it was shown that perturbing the instanton back-
ground A such that the ground state is perturbed és

¢ — ¢p3—R?03 gives rise to a monopole loop of radiBsn the

_ . X1X, plane.
t(coss,—sins;)/(coss, +sins,) For the center vortex, one considers in the same spirit the
t,8,)= ; - i
y(tsy) T COSS, \/SiNn 25, — 2t%/(COSS, + Sins,) perturbation
*sins, \/sin 2s,— 2t%/(c0ss,+ Sins,)? d)?ert: b1+ 0, ¢geﬂ: b3 (B2)

(A4)

which, at fixed timet, parametrizes a closed loop via the Where the relevant scale has been put to 1. Straightforward
parametes,, taking into account both choices of sign. Note algebra shows thapb®" and ¢5°" are parallel at

that, for a given timet, the range ofs, is no longers,

e[0,7/2], as in the original parametrizatidd), but it is in

general restricted to a smaller interval by the requirement P12~ pag=mMoOd 27, r=ysin2¢ (B3)
that the argument of the square roots in &) be positive,
ie. where double polar coordinates have been introduced,
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X, =1 (COSO COS@1,C0SHSiN@;y, after having written out the sums ovarb explicitly. Now,
) ) ) one can partially integrate the first term owgrand the sec-
SiN 0 COSp34,SINGSINQ3y). (B4)  ond term overs; without generating surface contributions,

upon which the two terms are seen to cancel, as was to be
shown. When partially integrating ovey, there is no sur-
$,=0e[0,m12], $;=(¢io+ @an)/2e[0,27] (BS) face contri_butior_l becaL_Jssz(O,sz)zy(ZTr,sz) for any s,.
When partially integrating oves,, both y(s;,0)=0 and
as free parameters. Up to rotations and inversions in spac&{s:,7/2)=0; therefore, alsody,/ds;=0 for s,=0,7/2,
time, this corresponds to the vortex surface parametrizatioh€. the surface contribution already vanishes separately for
of Eq. (1); namely, one must permute the 1-, 3- andthese two values d,.
4-components as (1,3,4)(4,1,3), and then rotate the re- Note that this argument does not particularly depend on
sulting 1- and 2-components as(x,)— ((x;—x,)/2, the specifiqs of the vortex surface considered here. Quite
(—x,—X5)/v2). Note that, without the latter rotation, the 9enerally, since vortex world surfaces are closed, they can be
parametrization would have a more symmetric form; how-viewed as “time” evolutions of closed loops. Therefore, one
ever, for the purposes of visualization, the choice of coordi€an choos€ “time” as one parameter of the vortex surface,
nates(1) is more advantageous. This simply amounts to g2nd an angle parametrizing the closed loop at a given “time”
change in the point of view of the observer, not an actuafS the other. As a result, partial integration over the afore-
change in the form of the vortex surface. mentioned angle never generates a surface contribution,
The monopole defined by?" has to fulfill (B3) plus the ~ SINce the two end_ points of the mte_rval on which the ang_le is
condition 6= /4, i.e. it is a loop on the vortex which is as d€finéd map to identical space-time points for any given

far away as possible from the origin. The monopolesgf" “time.” On the other hand, at the initial and final “times,”

is still degenerate to the origifbut adding a perturbation to the surface parametrization reduces to a point; otherwise, the
it lifts also this degeneracy while leading to similar vortex fl.”face,‘, would not be closed_. In_ other words, at these two
surfaceg For the present purposes, the detailed form of thet'r.nes.’ the surface parametrization Is a constant space-time
monopole loops is not relevant; the monopole content of th&oInt independent of the angle variable. As a resul, the de-
configuration resulting from the above construction is not

fivative of the parametrization with respect to the angle,
adopted in the body of this work. Only the surfaag which which appears in the surface pieces under considerftion
in itself is orientable and thus is not forced to carry mono-

the first term in Eq(C3)], vanishes.
poles, is used, and endowed with an oriented, smooth field
strength. APPENDIX D: CENTER PHASE INDUCED

BY VORTEX FLUX

This leaves

APPENDIX C: BIANCHI IDENTITY To see that the normalization 2) is adequately chosen
such that vortices indeed carry flux corresponding to the cen-
ter of theSU(2) gauge group, consider for the sake of the
argument a planar vortex world-surface extending into the
1-2-directions in space-time,

The field strengtii2) satisfies the Abelian Bianchi identity
(7) independent of the profile functidninserting(2) into (7)
and usinge, ;. €0 = 2(9, 07— 9, 6-,), One arrives at

epT/.LVaTF,uV: ’170'3(97.J dZSf[X_y(SliSZ)] V(Sl,SZ):(Sl,Sz,0,0), 51,326[_00,30]. (Dl)
Y, Yy, ay, dy, Any smooth vortex surface can be viewed as being locally
€abis, 35, 2Pas, dsy )’ (€D planar, ie. of the form(D1) on sufficiently small length

scales(if the space-time axes are chosen suitahlyserting

Exchanging the dummy indicesb in the second term in the (D1) into (2), one obtains the field strength
parentheses using,,= — €,, and, furthermore, inserting

3
— o

V. by, i o) =m0° | S Tx=yi(s,,50)1= e e
a

d
75, XY (s8] == S S fIx—y sy s2)] (D2)

=— if[x_y(sllsz)] (C2)  Where the explicit form(5) has been inserted. Now, consider
Js a Wilson loopC located in the 3-4 plane circumscribing the
) vortex (e.g. a circle centered at the origin with sufficiently
yields large radiusR to capture the entire vortex flux, which may be
ay. 8 smeared out via the profile functidni.e., R¥/a?>1),
EPTMV‘?TF,LLV: - 27703[ dsldSZa_S:’ &_Szf(x_y)
ay, o 3This “time” does not have to correspond to physical time; also
+ 2770-3f dsldsz_” —f(x—y) (C3 in the case of the parametrizati¢h), the parametes, is not iden-
JSp 98y tical to physical time.
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APPENDIX E: SIMPLIFYING THE TOPOLOGICAL
%ifdxyqum) CHARGE DENSITY
S

1 1
W[C]= ETr exr( i #?CdxMAM) = ETrex
The topological charge densit9),

1 )
=5 Tre™ =1, (D3) 1
q(x)= 16 dzsf d’s’ €prpy>pr(S)2,(S")
Here, for the second equality, Stokes’ theorem has been used XF[x=y(s)]f[x=y(s")]

(in a fixed time slicex;=0), i.e.Srepresents the area in the
3-4 plane bounded bg. For the third equality, the condition
R?/a?>1 has been used, which permits extending the inte- ay.,. dy
gral overSto the entire 3-4 plane without appreciably chang- 2 a(s)= 2L
ing the result. Note also that no path ordering is necessary in

the Wilson loop due to the Abelian nature of the problem.can pe rewritten using
Thus, one indeed haa[C]=—1, i.e. the total flux carried

by the vortex corresponds to the nontrivial center element of 3y ,(S) dy.(s) Ay, (S) dy.(s)

the SU(2) gauge group. Continuity of flux, i.e. the Bianchi fpfﬁyfab(;—sa ISy €p7By is,  ds, (ED
identity (7), guarantees that this result extends to the entirety

of any vortex world-surface given that it is true locally for a (and analogously for the sum overd in conjunction with
small vortex segment, as shown explicitly here. the derivatives with respect & ,s;) with the result

where, cf.(3),

e,
abys, ds,

10— % f 2 f 5 f1x—y(9)] f[x_y(s,)]“rm(s) 3ya(s)  dya(s) ay1<s>> ( 3ys(s') 9ya(s')  aya(s') dys(s')

98 9%, I8y 9, asy s, 9s] sy
. ( dy1(s) dya(s)  dya(s) &yl(s)) 9Y4(S") dy2(s')  9ya(s) dya(s’)
s IS, 981 I%; sy A Jsy sy
(19)’2(5) dys3(s)  dys(s) &yz(S)) 9Ya(s') 9ya(s')  dya(s') dya(s') €2
J9s;  JS; Js1  J%; as; A Jsy sy

where the sums over, 7, 8,y have been written out explicitly and the number of terms has been halved by using the freedom
in exchanging the names of the dummy integration variablgs Inserting the derivatives

sins;(Coss,+sins,)/\/2

ay(s1,Sy) i sins;(coss,—sins,)/ V2
—————=4/sin2s E3
9%, 2 — C0SS;COSS; E3
C0SS;Sins,

and

—C0SS;(C0SS,—SiNS,)(1+4 coss,sins,)/ V2

ay(s1,S,) _ 1 —C0SS;(C0ss,+sins,)(1—4 cosszsinsz)/\/ﬁ E
&7 \sin 2s, —sins;coss,(1— 4 sirts,)

—sins;sins,(1—4 cogs,)

(where cos &, sin X, have been expanded in terms of epssins,) into the six factors appearing in the square brackets in
(E2), one has
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9y1(S) 9Y2(S)  dya(S) dyi(s)

1
q(X)=§J dZSJ d?s’ fx—y(s)]f[x—y(s')]

s, ds, s, ds,
=2 sins;C0SS;SiNS,C0OSS, (E5) 1 ) ) L ,
X| = 2sin 2s,Sin 2s,sin 2s;sin 2s,
dy3(s’) dya(s')  dya(s') dys(s’) + cogs,sir’sy(1—4 sirfs,)(1—4 cogs))
Js; s, ds; 3s, 1
L, — —5sin 25,8in 2s)(1— 4 sir’s,+ 2 cogs;)
= — 2 sins;C0SS; SiNS,C0SS, (E6) 4

3y1(S) AYs(S)  3ys(S) ay(s) X (1—4 cogs,+2 cogs;) (E11)

ds, 9, ds;  ds,

where the third line corresponds to the combinatiohC2

1 X ;
— — —_coss,[cOsS,(1— 4 sinzsz) referred to above, whereas the fourth and fifth lines corre-

J2 spond to BD. Of course, the second line simply comes
_ ) from the first line in the square brackets(i82). To further
+5ins,(1—4 sirfs, + 2 coss, )] (E?  simplify (E1D), it is useful to substitute
3ya(s') dya(s')  ayals') dya(s') coSz=(1+cos)/2 (E12
[9 ! 0 ! (9 ! (9 ’
51 52 51 K sinfz=(1-cos Z)/2 (E13
1 H ! H ! !
= ES'nSZ[_S'nSﬂl_‘l cos'sy) everywhere (with z denoting any of the variables
$1,51,S2,S5). Multiplying out the resulting terms in the
+ cossy(1—4 cogs,+ 2 cogs;) ] (E8  square brackets itE11), one finds
dy(s) dys(s) B dys(s) dya(s) q(x)= Ef dZSJ d2s’ f{x—y(s)]f[x—y(s")]
sy dsy sy 9sy 8

1 X[ —sin 2s,sin 2s,sin 2s,sin 257 +1
= — —0SS,[ C0SS,(1— 4 Sirts,)

2 —(C0S 2,— COS X)) — COS X5,C08 X, — 2 C0$2s,
—sins,(1—4 sirfs,+2 cogs;)] (E9) —2 c0$2s;,— 2 COS Z,C08 %5,(C0S X, — COS X))
+4 c0£2s,c082s,— Sin 2s,8in 25,C0s 25,C0S 2]
9Y1(S) 9Ya(S') _ 3ya(S) 9Ya(ST) — 2 sin 25,5in 255(€0S X,C0S 5] — COS X5,€0S 55)
Js; s, ds; s,

+4 sin 2s,sin 2s;,c0s X,C0S ] (E19

1
_ H ’ H ’ ’
- ESIHSZ[ sins;(1-4 cos'sy) where a factor four has been extracted from the square brack-
ets. Now, all the terms inside the square brackets which are
—cossy(1—4 codsy+2cods;)].  (E10  grouped into pairs by parentheses are seen to cancel if one
uses the freedom to exchange the names of the dummy inte-
gration variabless,s’ on one of the members of each pair.

Comparing the right-hand sides of Eq&7) and (E9), one Furthermore, by Using

notices that they can be cast in the forrdss+B) and (A
—B), respectively, with expressiods B common to the two
equations. Likewise, the right-hand sides(B8) and (E10) C0S 25,€0s &5 +Sin 2s,Sin 25;
can be cast in the formsC(+ D) and (C—D), respectively, , . ,

with common expression€,D. As a result, after inserting =cos s, —sy)=1-2sirf(s;—s1) (E19H
(E7)—(E10, the second and the third lines in the square

brackets in Eq.(E2) correspond to the formsA+B)(C  to combine the first term of the first line and the second term
+D) and (A—B)(C—D), respectively, and therefore their of the fourth line in the square brackets(El4), and supple-
sum simplifies to A+B)(C+D)+(A—B)(C—D)=2AC  menting this with the contribution- cos Z,cos %, from the
+2BD. Thus, one has second line, one obtains

105011-14



WRITHE OF CENTER VORTICES AND TOPOLOGICA. .. PHYSICAL REVIEW D 68, 105011 (2003

1 1
q()= gf dZSJ d?s' f{x—y(s)]f[x—y(s")] a0 = ZJ dzsf d?s' f{x—y(s)]f[x—y(s")]
X[ 2 sin 2s,sin 28,sir’(s; —s;) —C0S A'S,—S)) X [ sin 2s,sin 2s5Sir?(s;—Sy)
+sin4s,sin 4s,+ (1— 2 c0$2s,)(1—2 co$2s))] —sin 3(s,—s5)siN(s,—S5) ]
(E16)

after having used

after having combined the remaining terms in the first

through fourth lines in the square brackets#14) into the COS4's,~S7) ~COSAS,~Sy)

product of parentheses in the last line(BfL6). Again using =—2sin3(s,—S})siN(S,—S5) (E17)
(E12), this time withz=2s,,2s;, one finally arrives at the
result aimed for, Eq(11), and having extracted a factor two from the square brackets.
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